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Abstrat
We study lassial and quantum maps on the torus phase spae, in the presene
of noise. We fous on the spetral properties of the noisy evolution operator, and
prove that for any amount of noise, the quantum spetrum onverges to the lassial
one in the semilassial limit. The small-noise behaviour of the lassial spetrum
highly depends on the dynamis generated by the map. For a haoti dynamis, the
outer spetrum onsists in isolated eigenvalues (resonanes) inside the unit irle,
leading to an exponential damping of orrelations. On the opposite, in the ase of
a regular map, part of the spetrum aumulates along a one-dimensional string
onneting the origin with unity, yielding a diusive behaviour. We nally study
the non-ommutativity between the semilassial and small-noise limits, and illus-
trate this phenomenon by omputing (analytially and numerially) the lassial and
quantum spetra for some maps.
Introdution
Numerial studies of haoti dynamial systems inevitably fae the problem of rounding er-
rors due to nite omputer preision. Indeed, the unstability of the dynamis would require
an innite preision of the initial position, if one wants to ompute the long-time evolu-
tion. Besides, any deterministi model desribing the evolution of some physial system is
intrinsially an approximation, whih neglets unknown but presumably small interations
with the environment. A way to take this interation into aount is to introdue some
randomness in the deterministi equations, for instane through a term of Langevin type.
Suh a term indues some diusion, that is, some oarse-graining or smoothing of the phase
spae density. If the deterministi part of the dynamis is unstable, it has the opposite ef-
fet to transform long-wave-length utuations of the density into short-wave-length ones,
so the interplay between both omponents (deterministi vs. random) of the dynamis is
∗
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a priori not obvious. Rigorous results on the behaviour of noisy haoti systems have been
obtained reently [27, 6, 8℄: they show that a usual property of deterministi haos, namely
the exponential mixing, still holds in presene of noise. Atually, introduing some noise
provides a way to ompute the exponential deay rate (and the subsequent resonanes)
in a ontrolled fashion [1, 26, 31, 35, 34℄.
In quantum mehanis, a (small) system is never perfetly isolated either, and is subjet
to inevitable interation with the environment, responsible for deoherene eets. The
study of deoherene has reeived a large attention reently, due to the (mostly theoretial)
interest in quantum omputation [17℄ and preise experiments measuring deoherene. In
some simple ases, one an study the dynamis of the full system (small plus environment),
and obtain an eetive dynamis of the small one [14℄. Under suitable assumptions, this
eetive dynamis results in a memoryless (super)operator ating on the quantum density
of the small system.
A possible way to modelize this operator is by quantizing the Langevin term used
in the lassial framework, that is introdue a random noise in the quantum evolution
equation (for either ontinuous or disrete time dynamis). Averaging over the noise yields,
in the ontinuous-time framework, a non-Hermitian Lindblad operator [30℄, while in the
disrete-time ase the evolution an be ast into the produt of a unitary (deterministi)
evolution operator with a quantum oarse-graining operator [7℄, this produt being alled
from now on the oarse-grained evolution operator. Similar operators have also appeared
in the theoretial study of spetral orrelations for quantized maps [33℄, and in models of
dissipative quantum maps on the sphere [13℄.
Several reent studies have been devoted to noisy or oarse-grained quantum maps
[26, 31, 7℄ in the semilassial limit, emphasizing the respetive roles of regular vs. haoti
regions in the lassial phase spae. The aim was either to study the time evolution of
an initial density [7℄, or to ompute the spetrum of the lassial or quantum oarse-
grained evolution operators [26, 31℄. A dierent type of quantum dissipation operator,
originating from the theory of superradiane, was omposed with a unitary quantum map
on the sphere, and studied in a series a papers by D. Braun [13℄. The author omputed
a Gutzwiller-like semilassial trae formula for powers of the full (non-unitary) propa-
gator, and showed their onnetion with traes of the orresponding lassial dissipative
propagator.
In the present paper, we present some results about the spetrum of oarse-grained
propagators, for maps dened on the 2-dimensional torus (Setion 1). For the sake of
simpliity, we restrit ourselves to either fully haoti or fully regular maps. In the limit
of vanishing noise, the spetrum of the lassial oarse-grained evolution operator behaves
dierently in these two (extreme) ases: for a haoti map, the spetrum has a nite gap
between unity and the next largest eigenvalue, due to exponential deay of orrelations
[40, 8℄, while in the regular ase some eigenvalues ome arbitrary lose to unity. To illustrate
these results, we study in detail some linear systems (either haoti or integrable), for whih
the eigenvalues may be omputed analytially.
We then turn to the quantum version of these systems (Setion 3). After realling the
setting of quantum maps on the torus, we dene the quantum oarse-graining operator,
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and then prove that for any lassial map and a xed nite noise, the spetrum of the
quantum oarse-grained evolution operator onverges to the spetrum of the lassial one
in the semilassial limit (Theorem 1).
We nally study in Setion 4 the non-ommutativity of the semilassial vs. vanishing-
noise limits, using as examples the maps studied in the lassial framework (Setion 4). As
a byprodut, we show that one an obtain the resonanes of a lassial hyperboli map from
the spetrum of an assoiated quantum operator (the quantum oarse-grained propagator),
provided the oarse-graining is set to derease slowly enough in the semilassial limit (we
onjeture a suient ondition for the speed of onvergene). On the opposite, for an
integrable map the same limit yields a spetrum densely lling one-dimensional urves
(strings) in the unit disk, one of them ontaining unity as a limit point.
1 Classial noisy evolution
The lassial dynamial systems we will study are dened on a 2-dimensional sympleti
and Riemannian manifold, the torus T2 = R2/Z2. The maps are smooth (C∞), invertible
and leave the sympleti form dp ∧ dq (and therefore the volume element d2x = dq dp)
invariant: they are anonial dieomorphisms of T
2
. Suh a map x = (q, p) 7→ Mx
naturally indues a Perron-Frobenius operator P = PM ating on phase spae densities
ρ(x): [Pρ](x) = ρ(M−1x).
1.1 Spetral properties of the lassial propagator
In this setion we review the spetral properties of the Perron-Frobenius operator PM ,
depending on the map M and on the funtional spae on whih the operator ats. The
results presented are not new, but allow us to x some notations.
1.1.1 Spetrum on L2(T2)
For any anonial dieomorphism M and any p ≥ 1, the spetrum of PM on the Banah
spae Lp(T2) is a subset the unit irle and admits ρ0(x) ≡ 1 as invariant density. In
partiular, P is unitary on L2(T2) and on its subspae L20(T2) of zero-mean densities.
One an relate some dynamial properties of the mapM with the (unitary) spetrum of
P on L20(T2) [18℄. For instane, if the dynamisM leaves invariant a nononstant observable
H(x) ∈ C0(T2) (e.g. ifM is the strobosopi map of the Hamiltonian ow generated byH),
then all observables of the type ρ(x) = f(H(x)) (with f a smooth funtion) are invariant
as well, so that the eigenvalue 1 of P is innitely degenerate. The full spetrum of P will
be expliitly given for some integrable maps in Setion 2.2.
On the opposite, the map M is ergodi i P has no invariant density in L20 (i.e. if 1
is a simple eigenvalue in L2). Stronger haoti properties may be dened in terms of the
3
orrelation funtion between two densities f, g ∈ L2:
Cfg(t)
def
=
∫
T2
dx f(x)g(M−tx) =
(
f,P tg) (1)
(the time parameter t will always take integer values). The map M is said to be mixing
i for any f, g, the orrelation funtion behaves for large times as:
Cfg(t)
|t|→∞−→
∫
T2
dx f(x)
∫
T2
dx g(x). (2)
A slightly weaker property (weak mixing) is equivalent with the fat that PM has no
eigenvalue in L20(T
2).
1.1.2 Exponential mixing
For a ertain lass of maps (e.g. the Anosov maps dened below), the onvergene of
mixing is exponentially fast, provided the observables f, g are smooth enough. One speaks
of exponential mixing with a deay rate γ > 0 if |Cfg(t) −
∫
f dx
∫
g dx| ≤ Kfge−γ|t| for a
ertain onstant Kfg.
This behaviour an sometimes be explained through the spetral analysis of the Perron-
Frobenius operator P ating on an ad ho funtional spae B, with B 6⊂ L2 (in general
B ontains some distributions). One proves that the operator P on B is quasi-ompat:
its spetrum onsists of nitely many isolated eigenvalues {λi} (alled Ruelle-Polliott
resonanes) situated in an annulus {r < λi < λ0 = 1} for some r > 0, plus possible
essential spetrum inside the disk of radius r. In that ase, assuming for simpliity that
eah λi is a simple eigenvalue with spetral projetor Πi, the spetral deomposition of P
on B leads to the following asymptoti expansion for Cfg(t) in the limit t→∞:
Cfg(t) =
∑
i
λti 〈f,Πig〉+O
(
rt
)
. (3)
In the above expression, the brakets do not refer to a Hermitian struture, but represent
the integrals
∫
f(x)[Πig](x)dx. The rst resonane λ0 = 1 orresponds to the unique
invariant density ρ0, and the deay rate (obviously independent of the observables f, g) is
given by γ = − log |λ1|, resp. by − log r if there is no resonane other than unity.
This type of spetrum was rst put in evidene in the ase of uniformly hyperboli
maps by using Markov partitions to translate the dynamis on the phase spae into a
simple symboli dynamis (namely a subshift of nite type) [40℄. It was later extended to
more general systems, inluding non-uniformly hyperboli ones [4℄. In the next setions,
we will introdue the Anosov dieomorphisms on the torus, whih often serve as model
for deterministi haos.
1.1.3 Anosov dieomorphism on the two-dimensional torus
In this setion we reall the denition and some properties of an Anosov dieomorphismM
on the torus T2 [24℄. The Anosov property means that at eah point x ∈ T2, the tangent
4
spae TxT
2
splits into TxT
2 = Esx ⊕ Eux , where Eu/sx are the loal stable and unstable
subspaes. The tangent map dxM sends E
u/s
x to E
u/s
M(x), and there exist onstants A > 0,
0 < λs < 1 < λu (independent on x) s.t.
∀t ∈ N, ‖(dxM t)|Esx‖ ≤ Aλts and ‖(dxM−t)|Eux‖ ≤ Aλ−tu . (4)
These inequalities desribe the uniform hyperboliity ofM on T2. The splitting of TxT
2
into
E
u/s
x has in general regularity C1+α for some 1 > α > 0, meaning that it is dierentiable
and its derivatives are Hölder-ontinuous with oeient α.
This uniform hyperboliity implies that M is ergodi and exponentially mixing w.r.to
the Lebesgue measure (see next setion).
Simple examples of Anosov dieomorphisms are provided by the linear hyperboli au-
tomorphisms of T2, dened by matries A ∈ SL(2,Z) with |trA| > 2. These maps
are sometimes referred to as generalized at maps, in referene to Arnold's at map
A
Arnold
=
(
2 1
1 1
)
[3℄. We will study in some detail these linear maps and their quantiza-
tions, and obtain a rather expliit desription of the assoiated oarse-grained propagators.
One an perturb the linear hyperboli automorphism A with the strobosopi map ϕ1H gen-
erated by some Hamiltonian H(x) on the torus: M
def
= ϕ1H ◦ A. If the Hamiltonian H is
small enough, the perturbed map M remains Anosov, and topologially onjugated with
the linear map A.
1.1.4 Ruelle resonanes for Anosov dieomorphisms
As announed above, Anosov dieomorphisms on T2 are exponentially mixing, and their
orrelation funtions satisfy expansions of the type (3). Although the original proofs made
use of Markov partitions [40℄, we will rather desribe a more reent approah due to Blank,
Keller and Liverani [8℄, whih has the advantage to provide spetral results for the oarse-
grained propagator as well.
The strategy of [8℄ is to dene a Banah spae B of densities on T2 adapted to the map
M : the spae B ontains distributions whih are smooth along the unstable diretion of
M but possibly singular (dual of smooth) along the stable diretion. In partiular, these
funtions are too singular to be in L2, whih allows a non-unitary spetrum of P ating on
B. The spae B is dened in terms of an arbitrary parameter 0 < β < 1, and satises the
ontinuous one-to-one embeddings: C1(T2)→ B → C1(T2)∗.
The spae B depends on the map M , and also on the diretion of time: the spae
BM−1 adapted to the map M−1 is dierent from BM . Although the map M on the torus is
invertible, the dynamis of the operator P on the spae B is irreversible: its spetrum is
qualitatively very dierent from that of P−1.
The authors indeed show that P is quasiompat in B, with essential spetral radius
ress bounded above by σ = max(λ
−1
u , λ
β
s ) (see Eq. (4) for the denition of λu/s). For
any 1 > r > σ, the spetrum of P in the ring Rr def= {r ≤ |λ| ≤ 1} onsists in isolated
eigenvalues, the Ruelle-Polliott resonanes {λi}. Therefore, a spetral expansion similar
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with (3) holds for any pair of observables f, g ∈ B, whih inludes in partiular observables
in C1(T2) (the expansion might be slightly more ompliated than (3) due to possible nite
degeneraies of the resonanes).
A possible strategy to extend the results of [8℄ to maps and observables of regularity Ck
was disussed in the reent preprint [5℄. Under stronger smoothness assumptions, namely
for real-analyti Anosov maps in two dimensions, H. Rugh [41℄ onstruted a transfer
operator ating on observables real-analyti along the unstable diretion, and dual of
analyti along the stable one; he showed that this operator is ompat, whih means that
the essential spetral radius vanishes in that ase.
1.2 Coarse-grained lassial propagator
In this setion we preisely dene the operator representing the eet of noise on the
deterministi evolution ofM . This operator is of diusion type, it realizes a oarse-graining
of the densities.
1.2.1 Classial diusion operator
We onsider a smooth probability density K(x) on R2 with ompat support. For sim-
pliity, we also assume that K(x) = K(−x). From there, to any ǫ > 0 orresponds a
probability density on the torus, dened as Kǫ(x) =
1
ǫ2
∑
n∈Z2 K
(
x+n
ǫ
)
. Due to the om-
pat support of K, we see that for small enough ǫ and any x ∈ T2 this sum has at most
one nonvanishing term (for x lose to the origin). We dene the oarse-graining operator
Dǫ on L
2(T2) as the following onvolution:
∀f ∈ L2(T2), [Dǫf ](y) =
∫
T2
dxKǫ(y − x) f(x). (5)
Dǫ is a self-adjoint ompat operator on L
2(T2), with disrete spetrum aumulating at
the origin.
We dene the Fourier transform on the plane as K˜(ξ) =
∫
R2
dxK(x)e2iπξ∧x, with the
wedge produt given by ξ ∧ x = ξ1p − ξ2q. From the assumptions on the density K, the
funtion K˜(ξ) is real, even and smooth. It takes its maximum at ξ = 0 (where it behaves
as K˜(ξ) = 1−Q(ξ) +O(|ξ|4), with Q(.) a positive denite quadrati form), and dereases
fast for |ξ| → ∞.
The plane waves (or Fourier modes) on T2 are aordingly dened as ρk(x)
def
= exp {2iπx ∧ k},
for k ∈ Z2. They obviously form an orthonormal eigenbasis of the oarse-graining operator:
∀ǫ > 0, ∀k ∈ Z2, Dǫρk = K˜(ǫk)ρk. (6)
The fast derease of the eigenvalues as |k| → ∞ implies that the operator Dǫ is not only
ompat, but also trae-lass. It kills the small-wave-length modes, eetively trunating
the Fourier deomposition of ρ(x) at a uto |k| ∼ ǫ−1. For some instanes, we will atually
replae the smooth funtion K˜(ξ) by a sharp uto Θ(1− |ξ|) (with Θ the Heaviside step
funtion).
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1.2.2 Classial oarse-grained propagator
The noisy dynamis assoiated with the map M is represented by the produt of the
deterministi evolution PM with the diusion operator:
PM,ǫ def= Dǫ ◦ PM . (7)
It may be more natural to dene the noisy propagator as the more `symmetri'Dǫ◦PM ◦Dǫ,
but both denitions lead to the same spetral struture. PM,ǫ desribes a Markov proess
dened by the deterministi map M followed by a random jump on a sale ǫ.
We now give some general properties of this operator, independent of the partiular map
M . Like the regularizing operator Dǫ, PM,ǫ maps distributions into smooth funtions, and
is ompat and trae-lass on any funtional spae ontaining C∞(T2) as a dense subspae,
with a spetrum independent on the spae. Its eigenvalues {λµ,ǫ}µ≥0 are inside the unit disk
(only λ0,ǫ = 1 is exatly on the unit irle), they are of nite multipliity and admit the
origin as only aumulation point. The eigenvalue λ0,ǫ is simple, with unique eigenfuntion
ρ0. Pǫ maps a real density to a real density, therefore its spetrum is symmetri with
respet to the real axis.
In the next setion we investigate in more detail the behaviour of these eigenvalues in
the limit of small noise, stressing the dierene between haoti vs. regular maps.
2 Spetral properties of lassial oarse-grained propa-
gator
We desribe more preisely the spetrum of PM,ǫ, in the limit of small noise, and for
dierent lasses of maps M . We start with the most haoti maps, namely the Anosov
dieomorphisms dened in Setion 1.1.3, the exponential mixing of whih was desribed
in setion 1.1.4. In a seond part, we will then turn to the opposite ase of regular maps
on T2.
2.1 Anosov dieomorphism
We use the same notations as in Setion 1.1.4 for M an Anosov map. It was proven in
[8℄ that the spetrum of PM,ǫ outside some neighbourhood of the origin onverges to the
resonane spetrum of PM on the Banah spae B.
More preisely, for M a smooth Anosov anonial dieomorphism on T2 with foliations
of Hölder regularity C1+α (0 < α < 1), one onsiders the assoiated Banah spae B = BM
dened in terms of a oeient β < α, suh that the essential radius of P on B has for upper
bound σ = max(λ−1u , λ
β
s ). The authors then onstrut a weak norm ‖ . ‖w on L(B), suh
that ‖Pǫ − P‖w → 0 as ǫ→ 0. As a onsequene, for any 1 > r > σ, any λ in the annulus
Rr = {r ≤ |λ| ≤ 1} and any δ > 0 small enough, the spetral projetor Π(ǫ)B(λ,δ) of Pǫ (resp.
ΠB(λ,δ) of P) in the disk B(λ, δ) = {z : |z − λ| ≤ δ} satisfy
∥∥∥Π(ǫ)B(λ,δ) −ΠB(λ,δ)∥∥∥
w
ǫ→0→ 0.
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Both projetors therefore have the same rank for ǫ small enough, this rank being zero if
the disk ontains no resonane λi.
This proves that the spetrum of Pǫ in the annulus Rr onverges (with multipliity)
to the set of resonanes {λi} as ǫ → 0, and the eigenmodes of Pǫ weakly onverge to
orresponding eigenmodes of P (sine the latter are genuine distributions, the onvergene
an only hold in a weak sense).
Remarks:
• These results also apply to the `symmetri' oarse-graining Dǫ ◦ P ◦Dǫ.
• It is reasonable to onjeture that these results hold as well if the oarse-graining
kernel K(x) is not ompatly supported on R2, but dereases suiently fast, for
instane if one takes the Gaussian G(x)
def
= e−π|x|
2
, G˜(ξ) = e−π|ξ|
2
, as was done in
[1, 26℄. As a broader generalization, we will sometimes onsider a oarse-graining
dened by a sharp ut-o in Fourier spae, K˜(ξ) = Θ(1− |ξ|), similar to the method
used in [31℄; a nite-rank oarse-graining was also used in [34℄ for 1-dimensional noisy
maps.
• If the map M and the kernel K(x) are real-analyti, we onjeture that the eigen-
values of Pǫ on any ring Rr with r > 0 onverge to the resonanes P in Rr (f. the
remark at the end of Setion 1.1.4).
The (disrete) spetrum of Pǫ is the same on any spae S admitting C∞ as dense
subspae, in partiular on L2, and this is the spae we will onsider from now on (more
preisely, its subspae L20). This spetrum drastially diers from the absolutely ontinuous
unitary spetrum of the pure propagator P on that spae (f. Setion 1.1). The unitary
spetrum is thus unstable upon the oarse-graining Dǫ: when swithing on the noise, the
spetral radius of Pǫ on L20 suddenly ollapses from 1 to |λ1| < 1. As we will see in the
next setions, this ollapse is harateristi of haoti maps. We rst desribe it expliitly
for the ase of hyperboli linear automorphisms.
2.1.1 Example of Anosov maps: the hyperboli linear automorphisms
In this setion we review [18, 27℄ the spetral analysis of the (pure vs. noisy) propagator
when the map A is a hyperboli linear automorphism of T2 (f. Setion 1.1.3). The unitary
operator PA on L20 ats very simply on the basis of Fourier modes ρk, k ∈ Z2∗ = Z2 \ 0,
namely as a permutation:
[PAρk] (x) = ρk(A−1x) = ρAk(x). (8)
This evolution indues orbits on the Fourier lattie Z2∗, whih we will denote by O(k0) =
{Atk0, t ∈ Z}. Due to the hyperboliity of A, eah orbit is innite, so that the modes
{ρAtk0, t ∈ Z} span an innite-dimensional invariant subspae of L20, whih we all SpanO(k0).
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The spetral measure of PA assoiated with this subspae is of Lebesgue type (as usual
when the operator ats as a shift [39℄). The number of distint orbits being innite, the
spetrum of PA on L20 is Lebesgue with innite multipliity.
Now we onsider the oarse-grained propagator Pǫ,A = Dǫ ◦ PA. Sine the ρk are
eigenfuntions of Dǫ (f. Eq. (6)), Pǫ,A will also at as a permutation inside eah orbit
O(k0), but now at eah step the mode ρk is multiplied by K˜(ǫk). Therefore, the operator
Pǫ,A restrited to the invariant subspae SpanO(k0) an be represented as follows (the
notation (., .) denotes the salar produt on L20):
Pǫ,A|O(k0) =
∑
t∈Z
K˜(ǫAt+1k0) (ρAtk0 , . ) ρAt+1k0. (9)
Sine |Atk0| → ∞ for t→ ±∞, the fators K˜(ǫAt+1k0) vanish in both limits. As a result,
the spetrum of Pǫ,A|O(k0) redues to the single point {0} (whih is not an eigenvalue, but
essential spetrum) [39℄. By taking all orbits into aount, the spetrum of Pǫ,A on L20 also
redues to {0}: for linear hyperboli maps, the ollapse of the Lebesgue unitary spetrum
through oarse-graining is `maximal'.
2.2 Coarse-graining of regular dynamis
In the previous setions we have onsidered lassial propagators of Anosov dieomor-
phisms on T2. We now desribe the opposite ase of an integrable map on T2. The notion
of integrability for a map is not so lear as for a Hamiltonian ow. In view of the examples
below, the denition should inlude the strobosopi map MH = ϕ
1
H of the ow generated
by an autonomous Hamiltonian H(x) on T2, but it should also enompass ellipti and
paraboli automorphisms, as well as rational translations. A required property is that the
phase spae T2 splits into a union of invariant 1-dimensional (not neessarily onneted)
losed submanifolds, with possible ritial energies. Note that this ondition exludes the
(un)stable manifolds of an Anosov map, whih are open. A more or less equivalent ondi-
tion for integrability is that the map leaves invariant a nowhere onstant smooth funtion
H(x), the level urves of whih provide the above submanifolds. As a result, any density
ρ(x) = f(H(x)) is invariant through PM as well, so that PM has an innite-dimensional
eigenspae of invariant densities on L20 (whih we will all Vinv).
The rest of the spetrum of PM an be of various types, as we will see (it an be pure
point or absolutely ontinuous, be a mixture, et..). For this reason, a general statement
onerning the oarse-grained spetrum of these maps annot be very preise.
In the following setions we onsider some simple examples of integrable maps for whih
(part of) the spetrum an be analyzed in detail. We then disuss (mostly by hand-waving)
the general ase.
2.2.1 Translations on the torus
The simplest nontrivial maps on T2 are the translations x 7→ Tvx = x + v mod T2, whih
do not derive from a Hamiltonian on the torus. A translation is either ergodi (yet non-
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mixing) or integrable (see below).
The spetrum of the orresponding Perron-Frobenius operator Pv = PTv on L20 is easy
to desribe [18℄: Pv admits the Fourier modes ρk as eigenstates, with eigenvalues e2iπk∧v.
The spetrum of Pv is therefore pure point, with possible degeneraies. The spetrum of
the oarse-grained propagator Pǫ,v = Dǫ ◦ Pv on L20 is also easy to desribe: eah Fourier
mode ρk is an eigenfuntion with eigenvalue K˜(ǫk)e
2iπk∧v
inside the unit disk. From the
small-ǫ expansion K˜(ǫk) ∼ 1− ǫ2Q(k), the eigenvalues orresponding to long wavelengths
(|k| ≪ ǫ−1) are lose to the unit irle for small ǫ, while the short wavelength eigenvalues
(|k| ≫ ǫ−1) aumulate near the origin. We now desribe how the global aspet of the
spetrum qualitatively depends on the translation vetor v.
• Tv is ergodi i the oeients v1, v2 as well as their ratio v1v2 are irrational: in that
ase, the equation k ∧ v ∈ Z has no solution for k 6= 0. The spetrum of Pv forms a
dense subgroup of the unit irle, all eigenvalues being simple. In the limit ǫ→ 0+,
the spetrum of Pǫ,v beomes dense in the unit disk (a similar quantum spetrum
is plotted on Fig. 4, right).
• If one of the oeients v1, v2, v1v2 is rational, Tv leaves invariant a family of parallel
1-dimensional ane submanifolds, and is therefore integrable aording to our def-
inition. For instane, if we take v1 =
r
s
(with r, s oprime integers) and v2 irrational,
then for any q0 ∈ [0, 1], the union of vertial lines
⋃s−1
l=0
{
q = q0 +
l
s
}
is invariant (if
s > 1, this set is non-onneted). The spetrum of Pv is still dense on the irle, but
all eigenvalues are now innitely degenerate: for any k0, the modes k = k0 + (0, js),
j ∈ Z share the eigenvalue e2iπk0∧v. The eigenvalues of Pǫ,v are at most nitely-
degenerate: to eah phase e2iπk0∧v orresponds a string of eigenvalues of dereasing
moduli, the largest one being at a distane ∼ ǫ2 from the unit irle. As in the
previous ase, the spetrum densely lls the unit disk as ǫ→ 0.
• If both v1, v2 are rational of the form r1s , r2s with gcd(r1, r2, s) = 1, eah point of T2
is periodi with period s, the map is integrable. The only eigenvalues of Pv are of
the phases e2iπj/s, all being innitely degenerate. The eigenvalues of Pǫ,v are at most
nitely degenerate, they are grouped into s strings of phases e2iπj/s, j = 0, . . . , s− 1.
For small ǫ, the eigenvalues beome dense along these strings, the largest eigenvalue
at a distane ∼ ǫ2 from the unit irle (this spetrum is similar with the quantum
one plotted on Fig. 4, left).
Comparing the rst and seond ase, we see that the spetrum of Pǫ annot unambiguously
dierentiate an ergodi from an integrable map: both may have eigenvalues lose to the
unit irle. On the other hand, the seond and third ases both orrespond to integrable
maps. Yet, their small-noise spetra look quite dierent from one another.
2.2.2 Non-hyperboli linear automorphisms of the torus
Another lass of non-mixing linear maps on T2 is provided by the non-hyperboli linear
automorphisms. These automorphisms split into two lasses (for notations, we refer to
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Setion 2.1.1):
• the ellipti transformations (|trA| < 2), like for instane the π/2-rotation given by
the matrix J =
(
0 −1
1 0
)
. As opposed to the hyperboli ase, eah Fourier orbit
O(k0) = {J jk0, j = 0, . . . , 3} is nite of period 4, and SpanO(k0) splits into 4
eigenspaes assoiated with the eigenvalues {il, l = 0, . . . , 3}. Swithing on oarse-
graining, the eigenvalues of Pǫ,J read ilλk0, with λk0 =
√
|K˜(ǫk0)K˜(ǫJk0)|. The
spetrum of Pǫ,J on L20 therefore onsists in four strings along the four half-axes, whih
beome dense in the limit ǫ → 0 (see g. 1 for the analogous quantum spetrum).
Similarly, an ellipti transformation of trae trA = 1 will satisfy A6 = 1, therefore
the spetrum of Pǫ,A forms 6 strings. An ellipti transformation of trae trA = −1
will lead to 3 strings.
• the paraboli transformations (or paraboli shears), given by matries of the type
S =
(
1 s
0 1
)
, s ∈ Z∗. The dynamis reads (q, p) 7→ (q + sp, p), so any periodi
funtion of the momentum p is a onserved quantity. The Fourier vetor k0 = (k1, k2)
generates the orbit O(k0) = {k0 + (jsk2, 0), j ∈ Z}: if k2 = 0, the mode ρk0 is
invariant and the orbit is a singleton; on the opposite, if k2 6= 0, O(k0) is innite, and
leads to Lebesgue spetrum for PS|O(k0). The full spetrum of PS on L20 is therefore the
union of the innitely degenerate eigenvalue 1 with a ountable Lebesgue spetrum
[18℄. In the ase k2 6= 0, the noisy propagator Pǫ,S ats on SpanO(k0) as in Eq. (9),
upon replaing A by S. Sine the wavevetors |Stk0| diverge in both limits t→ ±∞,
the assoiated spetrum redues to the singleton {0}. On the opposite, eah mode
ρ(l,0) is eigenstate of Pǫ,S with eigenvalue K˜ (ǫ(l, 0)): these modes form a string along
the real axis, whih beomes dense as ǫ→ 0.
2.2.3 Nonlinear shear
If we perturb the linear paraboli shear S (f. last setion) with the strobosopi map
of the ow generated by a Hamiltonian of the form F (p), we obtain a nonlinear shear
(q, p) 7→ (q + sp + F ′(p), p). We assume that s > 0, and that the Hamiltonian F satises
s + F ′′(p) > 0 everywhere. This map still onserves momentum, so that any density ρ(p)
is invariant. Among these, the Fourier modes ρ(l,0) are eigenstates of Pǫ, with eigenvalues
K˜(ǫ(l, 0)): they form the same string of real eigenvalues as for the linear shear.
For any n ∈ Z∗, P and Pǫ leave invariant the subspae Vn = Span
{
e2iπnqρ(p), ρ ∈ L2(T1)},
and their spetra on this subspae an be partially desribed, at least if one takes F ′ small
enough and replaes the kernel K˜(ξ) by the sharp uto Θ(1−|ξ1|)Θ(1−|ξ2|) (suh that Dǫ
projets to a nite-dimensional subspae). The spetrum of P on Vn is absolutely ontin-
uous, while that of Pǫ is ontained in a small neighbourhood of the origin, uniformly with
respet to n and ǫ (see Appendix A.1 for details). The spetrum should be qualitatively
the same if K˜(ξ) is of fast derease at innity.
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2.2.4 Strobosopi map of the Harper Hamiltonian ow
As a last example of integrable map, we onsider the Harper Hamiltonian on the torus
H(x) = cos(q) + cos(p) =
1
2
(ρ(1,0) + ρ(−1,0) + ρ(0,1) + ρ(0,−1)),
and take its strobosopi map M = ϕ1H . The invariant densities are of the form ρ(x) =
f(H(x)). As opposed to what happened for the paraboli shear, Vinv is not invariant
through the diusion operator Dǫ, so the spetrum of Pǫ is more ompliated to analyze.
Still, if we take a oarse-graining kernel satisfying K˜(ξ) = k˜ (|ξ1|+ |ξ2|) along the axes of
slopes 0, ±1/2, ±1, ±2, ∞) then the invariant funtions H(x), (H(x))2−1 and (H(x))3−
9
4
H(x) are eigenstates of Dǫ and therefore of Pǫ, with respetive eigenvalues k˜(ǫ), k˜(2ǫ)
and k˜(3ǫ) (if the kernel only satises K˜((0, ζ)) = K˜((ζ, 0)) together with even parity, then
H(x) will be eigenstate of Pǫ with eigenvalue K˜((ǫ, 0))). These eigenvalues are real and
approah unity as ǫ → 0. Numerially, they are the three rst elements (resp. the rst
element) of a string of real eigenvalues onneting unity to the origin, the further elements
of the string being mixtures of invariant and non-invariant densities (see Fig. 5, right for a
similar quantum spetrum).
2.2.5 General behaviour for an integrable map
After these examples, we want to desribe the spetrum of PM,ǫ for M an integrable map,
say the strobosopi map of an autonomous Hamiltonian H . As we already explained, the
spae Vinv of invariant densities is innite-dimensional, ontaining all densities f(H(x)).
When applying the oarse-graining Dǫ, one generally mixes these invariant densities with
non-invariant ones (as opposed to what happens for the linear maps desribed above).
Using ideas of degenerate perturbation theory, we onjeture the following behaviour, whih
is supported by numerial investigations [31, 26℄.
The invariant subspae Vinv ontains modes ρlw with long-wavelength utuations (that
is, densities for whih the Fourier spetrum is onentrated in a nite region near k = 0).
For ǫ small, these modes are hardly modied by the oarse-graining operator: Dǫρlw−ρlw =
O(ǫ2). This suggests that Pǫ has an eigenstate of the type ρlw + O(ǫ2), of eigenvalue
1 − O(ǫ2), this eigenstate being lose to an invariant state of P. On the opposite, Vinv
also ontains highly utuating modes, whih will be very damped by Dǫ, and should lead
to eigenstates of Pǫ lose to the origin. As a whole, the hybridization of invariant modes
with noninvariant ones leads to a string of eigenvalues onneting unity to the origin,
this string being symmetrial w.r.to the real axis. Notie that the projeted operator
ΠinvPǫΠinv = ΠinvDǫΠinv = (where Πinv is the orthogonal projetor on the spae Vinv) is
self-adjoint, therefore its spetrum an be estimated through the min-max method: for
ǫ→ 0 it onsists in a dense string of eigenvalues between unity and zero. I believe that the
largest eigenstates (-values) of this projeted operator are lose to eigenstates (-values) of
Pǫ.
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Conlusion: qualitatively dierent spetra
We have exhibited a qualitative dierene of the oarse-grained Perron-Frobenius spetra
between, on one side, the haoti maps (Anosov), on the other side, non-mixing maps,
inluding ergodi translations and integrable maps.
In the latter ase, the spetrum of Pǫ on the subspae L20(T2) omes lose to the unit
irle for small ǫ, either along 1-dimensional strings onneting the origin to innitely
degenerate eigenvalues of P (among whih unity), or by densely lling the unit disk (for
ergodi translations). A ommon feature is that any annulus {R < |λ| < 1} (or any open
neighbourhood of unity) ontains more and more eigenvalues of Pǫ in the small-noise limit
ǫ→ 0.
On the opposite, for an Anosov map the spetrum of Pǫ on L20 is ontained inside
a disk of radius R < 1, uniformly for small enough ǫ. This spetrum onsists in a nite
number (possibly zero) of nitely degenerate eigenvalues (asymptotially lose to the Ruelle
resonanes) inside an annulus {r < |λµ,ǫ| ≤ R}, the remaining eigenvalues having moduli
smaller than r.
The numerial results of [31, 26℄ go beyond this statement: the authors onsider systems
withmixed dynamis (not to be mistaken with the mixing property of Anosov maps), that
is systems for whih the phase spae splits into regular islands embedded in a haoti
sea. They study the spetrum of the oarse-grained Perron-Frobenius operator (the oarse-
graining is taken as a ut-o in Fourier spae), and show the presene of eigenvalues lose
to the unit irle, the eigendensities of whih are supported on the regular islands; on the
other hand, they also nd some eigenvalues inside the unit irle, whih are assoiated
with the haoti part of phase spae, and therefore interpreted as (generalized) Ruelle
resonanes. Yet, the nature of the haoti sea in suh systems is not well understood at
the mathematial level, so that a rigorous spetral analysis of the propagator seems a quite
distant goal.
3 Quantum oarse-grained evolution
After studying the eet of noise on lassial propagators, we turn to noisy quantum maps,
obtained by quantizing the lassial ones. Although we will restrit ourselves to maps on
the 2-torus, the main result of this setion (Theorem 1) an be straightforwardly generalized
to quantum maps on any ompat phase spae, provided one adapts the denition of the
oarse-graining operator (see the disussion in Setion 3.2.3). We start by realling the
setting of quantized maps on the 2-torus.
3.1 Quantum propagator on the torus
3.1.1 Quantum Hilbert spae and observables
We shortly review the onstrution of quantum mehanis on T
2
, in order to x notations.
For any value of ~ > 0, the Weyl-Heisenberg group assoiates to eah vetor v = (v1, v2) ∈
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R2 the quantum translation Tˆv = exp
{
i
~
(v2qˆ − v1pˆ)
}
whih ats unitarily on L2(R).
These translations satisfy the group relations TˆvTˆv′ = e
−i
2~
v∧v′ Tˆv+v′ .
The torus wavefuntions are then dened as distributions |ψ〉 ∈ S ′(R) satisfying
the periodiity onditions Tˆ(0,1)|ψ〉 = Tˆ(1,0)|ψ〉 = |ψ〉. Due to the group relations, suh
distributions exist i ~ satises the ondition (2π~)−1 = N ∈ N (suh a value of ~ will be
alled admissible). In that ase they form a spae of dimension N , whih will be noted HN
[23℄. A basis of this spae is provided by the Dira ombs {|qj〉N}j=0,...,N−1 dened as:
〈q|qj〉N =
∑
ν∈Z
δ(q − qj − ν), with qj = j
N
. (10)
By onstrution, |qj〉 = |qj+N〉, so the index j must be understood modulo N . For pra-
tial reasons, we will hoose the following representatives of integers modulo N : ZN ={−N
2
+ 1, . . . , N
2
}
for N even, ZN =
{−N−1
2
+ 1, . . . , N−1
2
}
for N odd.
The quantum translation Tˆv ats inside HN i v is on the square lattie of side 1/N ,
that is v =
(
V1
N
, V2
N
)
with Vi ∈ Z. Besides, eah translation with integer oeients ats on
HN as a multiple of the identity. As a result, the set
{
TˆV/N , V ∈ Z2N
}
forms a basis of the
spae of linear operators on HN , denoted by L(HN). This basis an be used to dene the
Weyl quantization of smooth observables f ∈ C∞(T2). From the Fourier deomposition
f =
∑
k∈Z2 f˜(k)ρk, the Weyl quantization of the observable f is dened as
fˆ = OpN(f)
def
=
∑
k∈Z2
f˜(k) Tˆk/N =
∑
k∈Z2
N
Tˆk/N
(∑
ν∈Z2
(−1)Nν1ν2+k∧ν f˜ (k +Nν)
)
. (11)
The onverse of Weyl quantization, that is the Weyl symbol (or Wigner funtion)
WBˆ(x) of an operator Bˆ ∈ L(HN) is also easily dened through its Fourier transform:
for eah k ∈ Z2, its Fourier oeient W˜Bˆ(k) is given by W˜Bˆ(k) = 1N tr
(
Tˆ †k/NBˆ
)
. These
Fourier oeients are N-periodi (up to a sign), so that the funtion WBˆ(x) is a periodi
ombination of Dira peaks on the lattie of side 1/2N [23℄. Alternatively, a polynomial
Weyl symbol was dened in [19℄ as the nite sum
W P
Bˆ
(x) =
∑
k∈Z2
N
W˜Bˆ(k)e
2iπx∧k.
As opposed to the former symbol, the polynomial symbol depends on the spei hoie for
the representative ZN (the hoie we made, with maximum symmetry around the origin,
seems more natural in this respet). The polynomial symbol map together with OpN
yield an isometri isomorphism between the subspae IN def= Span {ρk, k ∈ Z2N} of L2(T2)
and the spae of observables on HN equipped with the Hilbert-Shmidt salar produt
(Bˆ, Cˆ) = 1
N
tr(Bˆ†Cˆ). Sine the Hilbert-Shmidt norm diers from the usual operator norm
on L(HN), we will denote by L2N the spae of observables on HN (that is, N ×N matries)
equipped with the Hilbert-Shmidt norm.
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3.1.2 Quantization of anonial maps
We briey explain how one quantizes a anonial map M on T2. The aim is to dene for
eah N ∈ N a unitary operator on HN (whih we will denote by MˆN or simply Mˆ) whih
satises presribed semilassial properties [42℄. These properties do not unambiguously
dene the sequene of unitary matries, so a hoie has to be made (in [44℄, a Toeplitz
quantization is proposed for sympleti maps on Kähler manifolds). We present here
another quantization presription, whih uses the following deomposition of any anonial
map M on T2 [16℄:
M = A ◦ Tv ◦ ϕ1H . (12)
In this formula, the linear automorphism A ∈ SL(2,Z) and the translation Tv are uniquely
dened. On the opposite, the last fator orrespond to the strobosopi map of the ow of
a time-dependent periodi Hamiltonian H ∈ C∞(T2x×Tt); this Hamiltonian is not unique,
sine two HamiltoniansH1 6= H2 may lead to the same strobosopi map ϕ1H1 = ϕ1H2. From
this deomposition, on an quantize M as follows [25℄. First, one quantizes à la Weyl the
Hamiltonian H(x, t) into the operator Hˆ(t) on HN , then take for the quantization of ϕ1H
the time-ordered exponential T e−i
∫ 1
0 dt Hˆ(t)/~
. Seond, one may quantize the translation
Tv with the quantum translation Tˆv(N) , where the vetor v
(N)
belongs to the 1/N-lattie
and is lose to v, for instane take v(N) = ([Nv1],[Nv2])
N
[32℄. Third, provided A satises
the ondition A ≡ Id2 mod 2 or A ≡ σx mod 2, the linear automorphism A is naturally
quantized into a unitary matrix AˆN [23℄ (this ondition may be relaxed if one generalizes
the quantum Hilbert spae HN to arbitrary Bloh angles [12℄). Finally, the map M is
quantized on HN as the produt:
MˆN = AˆN ◦ Tˆv(N) ◦ T e−i2πN
∫ 1
0 dt Hˆ(t). (13)
This hoie for the quantum map automatially satises the Egorov property [12, 32℄: for
any lassial observable ρ ∈ C∞(T2),
MˆN OpN(ρ) Mˆ
−1
N − OpN(ρ ◦M−1) N→∞−→ 0. (14)
This means that the quantization and nite-time evolution of densities ommute in the
semilassial limit (the onvergene holds for the operator norm in L(HN)).
In pratie, the lassial maps we onsider are all dened as produts of automorphisms,
translations and Hamiltonian maps, so they admit a natural quantization.
3.1.3 Propagator of quantum densities
The quantum map Mˆ propagates quantum states |ψ〉 ∈ HN . A density matrix ρˆ is an
element of the spae L2N = HN ⊗ H∗N , and its evolution through the quantum map reads
ρˆ 7→ MˆρˆMˆ−1 = ad(Mˆ)ρˆ. The operator PˆM def= ad(Mˆ) ating on the spae L2N is the
quantum analogue of the Perron-Frobenius operator PM ating on lassial densities. PˆM
is unitary, with eigenvalues {ei(θj−θi); i, j = 1, . . . ,N}, where {eiθj} are the eigenvalues of
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the matrix Mˆ . As a ontrast with its lassial analogue, the spae of invariant densities
through PˆM is at least N-dimensional, sine it ontains all the rank-1 projetors |φi〉〈φi|,
where |φi〉 are the eigenstates of Mˆ .
The operator Pˆ ating on densities is alled a superoperator, to ontrast with an operator
ating on HN . Being the adjoint ation of a unitary matrix, it onserves the purity of the
density, whih means that a pure density ρˆ = |ψ〉〈ψ| is mapped onto a pure density
Pˆ ρˆ = |ψ′〉〈ψ′|. We notie that Pˆ onserves the trae of the density, that is the quantum
ounterpart of the total probability of the density ρ.
3.2 Quantum oarse-graining operator
As we remarked above, the spetrum of Pˆ on L2N is qualitatively dierent from that of P
on L2(T2): the former has at least N invariant eigenstates, while the latter may have only
one if the map M is ergodi. In Setion 1.1, we explained how the spetrum of P was
sensitive to the funtional spae on whih P ats. This is not any more the ase in the
quantum framework, sine the propagator is a nite-dimensional matrix. Still, we showed
in Setion 2 an alternative way to obtain the (nonunitary) resonane spetrum of an Anosov
map, namely by introduing some noise and studying the spetrum of the noisy propagator
Pǫ = Dǫ ◦ P on the spae L2(T2). This proedure an also be arried out at the quantum
level, by rst dening a quantum oarse-graining or quantum diusion (super)operator
Dˆǫ, use it to onstrut a quantum oarse-grained propagator Pˆǫ, then study the spetrum
of the latter on L2N . To onnet the lassial and quantum frameworks, we will onsider
the semilassial limit N →∞.
3.2.1 Denition
We dene the oarse-graining superoperator by analogy with the lassial one (Eq. (5)).
The latter an be expressed as follows:
∀f ∈ L2(T2), (Dǫf) (x) =
∫
T2
dv Kǫ(v) ρ(x− v) =
∫
T2
dv Kǫ(v) (Pvρ) (x), (15)
where Pv is the Perron-Frobenius operator for the translation Tv. Sine Tv is quantized
on HN into the unitary matrix Tˆv(N) , a natural way to dene a quantum oarse-graining
superoperator would be through the integral∫
T2
dv Kǫ(v) Pˆv(N) .
For onveniene, we prefer a slightly dierent denition. The map v 7→ v(N) is onstant on
squares of side 1/N , so the above integral redues to a nite sum over V ∈ Z2N , with eah
operator PˆV/N multiplied by the average of Kǫ over the orresponding square. Kǫ being a
smooth funtion, this average is semilassially lose to the value Kǫ(V/N), therefore for
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N large the above integral is well approximated by the sum:
Dˆǫ =
F (ǫ, N)
N2
∑
V ∈Z2
N
Kǫ(V/N) ad
(
TˆV/N
)
. (16)
The prefator F (ǫ, N) is needed to guarantee that Dˆǫ onserves the trae, that is Dˆǫρˆ0 = ρˆ0.
This fator is easily expressed in terms of the 2-dimensional theta funtion:
θK(ǫN, ζ)
def
=
∑
ν∈Z2
K˜ (ǫN(ν + ζ)) , ζ ∈ T2. (17)
For Gaussian oarse-graining K(x) = G(x) = e−π|x|
2
, this funtion redues to the produt
of two lassial Jaobi 1-dimensional theta funtions. In the limit ǫN ≫ 1, the funtion
θK is peaked around the point ζ = 0, due to the fast derease of K˜(ξ). Now, one easily
heks that F (ǫ, N) = θK(ǫN, 0)
−1
onverges to K˜(0) = 1 in the limit ǫN →∞.
3.2.2 Spetrum of the quantum oarse-graining operator
The spetrum of Dˆǫ on L
2
N is as easy to analyze as that of Dǫ (see Eq. (6)). Using the
group relation
ad(Tˆv)Tˆv′ = e
−i v∧v
′
~ Tˆv′ , (18)
we see that for any k ∈ Z2N , the quantum translation Tˆk/N (= OpN(ρk)) is eigenstate of Dˆǫ
with eigenvalue
d
(N)
ǫ,k =
F (ǫ, N)
N2
∑
V ∈Z2
N
Kǫ(V/N)e
2iπk∧V
N =
θK(ǫN, k/N)
θK(ǫN, 0)
. (19)
For xed k and ǫN → ∞, one has the asymptotis d(N)ǫ,k = K˜(ǫk) + O((ǫN)−α) for any
power α > 0, so that the eigenvalue of Dˆǫ assoiated with Tˆk/N onverges to the eigenvalue
ofDǫ assoiated with its symbol ρk. The estimate is sharper in the Gaussian ase:
∀k ∈ Z2N , d(N)ǫ,k = e−πǫ
2k2 +O(e−π(ǫN)
2
4 ), (20)
so that the relative deviations between lassial and quantum eigenvalues are exponentially
small, uniformly on the modes k ∈ {|k1|, |k2| ≤ N2 (1− δ)} (with δ > 0 xed). For the
Gaussian ase, both lassial and quantum spetra are stritly positive, whih is not true
in general. The spetrum of Dˆǫ for a Gaussian noise is plotted in Fig. 1 (left).
If we replae K˜(ξ) by the sharp uto Θ(1− |ξ|), then d(N)ǫ,k = 1 for |k| < ǫ−1, d(N)ǫ,k = 0
otherwise: the oarse-graining trunates the expansion (11), keeping only short wavevetors
(moduloN). In other words, Dˆǫ trunates the Fourier series of the polynomialWeyl symbol
W Pρˆ , keeping only the oeients |k| < ǫ−1.
A Fourier uto was also used as denition for the quantum oarse-graining in [31℄, but
there the uto was applied to the Husimi funtion of ρˆ instead of its polynomial Weyl
symbol.
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3.2.3 Probabilisti interpretation and generalizations of oarse-graining
In a dierent physial framework (one-dimensional quantum spin hains), Prosen reently
dened a similar quantum oarse-graining by trunating the densities on nite-dimensional
spaes [38℄. In this ase, the quantum densities are deomposed into sums of spin operators
ating on nite sequenes of spins (e.g. σ1(x)σ1(x+1) · · ·σ1(x+l)). The trunation onsists
in keeping only those operators for whih l ≤ ǫ−1.
The RHS of Eq. (16) expresses the superoperator Dˆǫ in the Kraus representation, i.e.
as a sum
∑
j ad(Eˆj), where the operators Eˆj on HN satisfy the ondition
∑
j Eˆ
†
j Eˆj = IdN .
Kraus superoperators onserve the trae and the omplete positivity of density matries
[17℄.
The RHS of Eqs. (15,16) may be interpreted as a random global jump for the density,
whih jumps at a distane v with a probability ∝ Kǫ(v). Dǫρ and its quantum ounterpart
represent the average over all these random jumps. Sine Dǫ or Dˆǫ do not depend on
time, they therefore represent the lassial and quantum versions of a memoryless Markov
proess.
In a dierent sope, a superoperator similar to Dˆǫ was used in [33℄ to study the spetral
orrelations of the quantum map Mˆ in the semilassial limit. Coarse-graining was there
interpreted as an average over a set of quantum maps lose to identity. The phase spae an
be an arbitrary (quantizable) sympleti manifold, and the lassial and quantum averages
are generated by a nite set of Hamiltonians {Hj}j=1,...,f ; Kǫ is a smooth probability kernel
in f variables with ompat support of sale ǫ around the origin. The lassial and quantum
oarse-graining operators are dened as:
D{Hj}ǫ ρ(x) =
∫
R
df tKǫ(t) ρ
(
ϕ−1∑
j tjHj
(x)
)
Dˆ{Hj}ǫ ρˆ =
∫
Rf
df tKǫ(t) ad
(
e−i
∑
j Hˆjtj/~
)
ρ.
(21)
This sheme is more general than what we have done on the torus: one does not need any
group ation on the phase spae, but only a suient number of Hamiltonians. We reover
our previous denition on the torus if we take for Hamiltonians the multivalued funtions
H1 = p mod 1, H2 = −q mod 1 (these funtions are not well-dened on T2, but their ows
are). The qualitative spetral features of the lassial oarse-grained propagator D
{Hj}
ǫ for
small ǫ should not depend on the seleted family of Hamiltonians {Hj}, as long as the
seond-order operator
∑f
j=1(∇Hj)2 is ellipti (in the above ase on the torus, this is the
Laplae operator
∂2
∂q2
+ ∂
2
∂p2
, whih is indeed ellipti) [27℄.
In the framework of quantum mehanis on the 2-sphere, a dierent type of dissipative
superoperator Pˆτ = Dˆτ ◦ ad(Mˆ) was onsidered in [13℄, where Dˆτ is a quantum dissipation
operator obtained by integrating a quantum master equation during the time τ . This
dissipation operator rst appeared in the study of superradiane in atomi physis [10℄. As
a main dierene with our noisy propagator Pˆǫ, the (unique) invariant eigenmode of Pˆτ is
dierent from ρˆ0. This orresponds to the fat that the orresponding lassial propagator
Pτ (obtained from Pˆτ by taking the semilassial limit) does not leave invariant the uniform
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density ρ0, but rather a more singular measure, whih may supported either on a disrete
set of points, or even on a more ompliated strange attrator.
3.3 Quantum oarse-grained propagator
We will now study the quantum analogue of Pǫ, that is the oarse-grained quantum prop-
agator Pˆǫ = Dˆǫ ◦ PˆM . Similarly as the lassial propagator, Pˆǫ maps a Hermitian density
to a Hermitian density; as a result, its spetrum is symmetri w.r.to the real axis. Like Dˆǫ,
Pˆǫ is a Kraus superoperator, and therefore realizes a quantum Markov proess: the quan-
tum density rst evolves through the deterministi map ad(Mˆ), then performs a random
quantum jump through ad(TˆV/N ), with a probability ∝ Kǫ(V/N).
Linear ombinations of quantum translations were onsidered in [7℄ as models for de-
oherene on the quantum torus. The authors studied the evolution of densities through
an operator similar with Pˆǫ, by omputing the time evolution of the `purity' tr(ρˆ2). They
took for Mˆ the quantized Baker's map, whih is fully haoti, yet disontinuous on T2.
More reently, similar omputations were performed for smooth nonlinear perturbations of
at maps [21℄.
The author of [13℄ uses Gutzwiller-type trae formulas to estimate the traes of powers
of the dissipative quantum propagator tr
(Pˆnτ ), in the regime of n xed and ~ → ∞;
from them he shows that eah trae onverges to the orresponding trae of the lassial
dissipative propagator tr
(Pnτ ) (this trae being given by a sum over periodi orbits as well).
In the following I will not use any trae formula, but more basi semilassial and
operator-theoreti tehniques to ompare quantum and lassial oarse-grained propaga-
tors. Pˆǫ is indeed spetrally similar with its lassial ounterpart Pǫ. It onserves the trae:
Pˆǫρˆ0 = ρˆ0, but in ontrast with its noiseless version Pˆ , it has for unique invariant density
ρˆ0, all other eigenvalues (in number N
2 − 1) being inside the unit disk. As a non-lassial
property, Pˆǫ destroys purity: the image of a pure state ρˆ = |ψ〉〈ψ| is not a pure state.
The following theorem, whih is the entral result of this paper, relates more preisely
the spetra of Pˆǫ and Pǫ in the semilassial limit: it states the semilassial spetral
stability of oarse-grained propagators.
Theorem 1. For any smooth map M on the torus and any xed ǫ > 0, the spetrum of
the quantum oarse-grained propagator Pˆǫ = Dˆǫ ◦ PˆM on L2N onverges in the semilassial
limit N → ∞ to the spetrum of the lassial oarse-grained propagator Pǫ = Dǫ ◦ PM on
L2(T2). For any r > 0, the onvergene is uniform in the annulus Rr = {r ≤ |λ| ≤ 1}.
To ompare the lassial and quantum propagators, we use the isometry between the
subspae IN of L2(T2) and L2N , indued by the Weyl quantization OpN and its inverse W P
(see setion 3.1.1 for notations). Pˆǫ is then isometri to σN (Pˆǫ) def= W P ◦ Pˆǫ ◦ OpN ◦ ΠIN
(ΠIN projets orthogonally L
2(T2) onto IN). We therefore need to ompare the operators
σN (Pˆǫ) and Pǫ on L2(T2). The ruial semilassial estimate is the following lemma.
Lemma 1. The nite-rank operators σN (Pˆǫ) onverge to Pǫ in the operator norm on
L2(T2), in the limit N →∞.
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Proof: The key semilassial ingredient is Egorov's property (14). From the norm
inequality
‖ρˆ‖2HS =
1
N
tr(ρˆ†ρˆ) ≤ ‖ρˆ‖2L(HN ),
the onvergene in (14) also holds for the Hilbert-Shmidt norm, that is on the spae L2N .
Using the symbol map W P and its inverse OpN on IN , we will onvert operators on L2N
into operators on L2(T2). We notie that for any k ∈ Z2, ρk ∈ IN for large enough N . The
evolved density PMρk is in general not in IN , but it is smooth sine M is so. Any smooth
density ρ is asymptotially equal to its projetion on IN , so that
∀ρ ∈ C∞(T2), ‖W P ◦OpN(ρ)− ρ‖L2(T2) N→∞−→ 0.
Using this fat, Egorov's property an be reast into:
∀k ∈ Z2, ‖σN (PˆM)ρk − PMρk‖L2(T2) N→∞−→ 0.
This means that the sequene of operators σN (PˆM) semilassially onverges to PM in the
strong topology on B(L2) (the bounded operators on L2(T2)). Now, a standard lemma in
funtional analysis [11, Lemma 2.8℄ states that if a sequene An of bounded operators on
some Banah spae onverge strongly to the operator A, then for any ompat operator K,
KAn onverges toKA in operator norm. SineDǫ is ompat, this implies thatDǫ◦σN(PˆM)
onverges to Pǫ,M in the operator norm. A simple omparison of the eigenvalues shows
that ‖σN (Dˆǫ)−Dǫ‖B(L2) → 0 as N →∞, whih ahieves to prove the lemma. 
End of proof of the theorem: From lemma 1, one applies standard methods to show
that the spetrum of σN(Pˆǫ) onverges to that of Pǫ, as was done in Setion 2.1. Namely,
for any λ 6= 0 and any small disk B(λ, δ) around it, the spetral projetors for σN (Pˆǫ)
and Pǫ in that disk satisfy ‖Π(N)B(λ,δ) − ΠB(λ,δ)‖ → 0 as N → ∞. For small enough δ, the
projetor ΠB(λ,δ) is independent of δ and of nite rank, equal to the multipliity of λ in
the spetrum of Pǫ. The above onvergene implies that Π(N)B(λ,δ) has the same rank for N
large enough, and that the orresponding eigenspaes of Pǫ and σN (Pˆǫ) are lose to eah
other. Finally, the spetrum of Pˆǫ is idential with that of σN (Pˆǫ). 
This spetral stability was notied numerially in [31℄ for the kiked rotator on the
2-sphere. In their ase, the oarse-graining onsists in a sharp trunation of the Fourier
expansion of the Husimi funtions of the quantum densities, but the same arguments as
above an be applied to show the spetral stability of the oarse-grained propagator in the
semilassial limit.
4 On the non-ommutativity of the semilassial vs. small-
noise limits
In the previous setion we have desribed the semilassial limit of the quantum oarse-
grained propagator Pˆǫ for a xed oarse-graining width ǫ > 0. On the other hand, Setion 2
was dealing with the small-noise limit ǫ→ 0 for the lassial propagator Pǫ.
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These two limits do not ommute. Indeed, for xed N ∈ N the oarse-graining operator
Dˆǫ is a nite matrix, the N
2
eigenvalues of whih onverge to unity as ǫ→ 0 (see Eq. (19)).
Therefore, in this limit ‖Dˆǫ − IdL2
N
‖ → 0. For K(x) of ompat support, we even have
Dˆǫ = IdL2
N
as soon as the resaled support (ǫN)Supp(K) has no intersetion with Z2∗. This
shows that for N xed and ǫ dereasing to zero, Pˆǫ is lose to unitary on L2N , uniformly
with respet to the map M :
∀ρˆ ∈ L2N s.t. ‖ρˆ‖HS = 1, (1− ‖Dˆǫ − IdL2N‖) ≤ ‖Pˆǫρˆ‖HS ≤ 1. (22)
On the opposite, there should exist a regime where N →∞ (semilassial) and simultane-
ously ǫ = ǫ(N)→ 0 (vanishing noise) slowly enough, suh that the eigenvalues of Pˆǫ(N) stay
lose to the eigenvalues of Pǫ(N), and therefore behave dierently aording to the lassial
properties of M . For an Anosov map, the outer eigenvalues (say, in some annulus Rr)
will onverge to the Ruelle resonanes, while for an integrable map they will form dense
strings touhing the unit irle. Eq. (22) shows that a neessary ondition for Pˆǫ to possess
eigenvalues lose to the origin (like Pǫ) is that the oarse-graining operator Dˆǫ itself has
small eigenvalues. The smallest eigenvalues of Dˆǫ orrespond to the largest wave vetors
in Z2N , namely |k| ∼ N/2. From the expliit expression (19), this implies the ondition
Nǫ(N) >> 1. (23)
This ondition is quite obvious: it means that the sale of oarse-graining ǫ(N) must
be larger than the quantum sale
1
N
= 2π~, that is the distane between two nearby
position states |qj〉N . One may wonder if this ondition is suient, or if ǫ(N) should
derease slowlier to get the desired onvergene. We have so far no denite answer to this
question for a general map.
In the next two subsetions, we will ompare the spetra of Pˆǫ and Pǫ for the various
maps treated lassially in setions 2.1.1 and 2.2. We know no nonlinear Anosov map for
whih Ruelle resonanes an be omputed analytially, so for this ase we rely on numerial
studies for the perturbed at map [1℄.
We plot some numerially omputed spetra, always using Gaussian noise and seleting
two dierent ~-dependenes for the noise width ǫ(N). We onsider either a slow derease
ǫ(N) = N−1/2, for whih the onvergene to lassial eigenvalues is heked even for rel-
atively small values of N (the largest value of N we onsidered is N = 40). To test the
ner ondition (26), we also onsider a fast derease of the noise width ǫ(N) = log(N)
N
,
the onvergene to lassial eigenvalues being then harder to verify numerially.
We start by plotting on Fig. 1 (left) the spetrum of the quantum oarse-graining
operator Dˆǫ.
4.1 Quantum linear automorphisms
In this setion, we will only onsider linear maps A satisfying the hekerboard ondition
given in Setion 3.1.2, neessary for their quantization on HN . Then, the quantized linear
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automorphism Aˆ satises the exat Egorov property [23℄:
∀k ∈ Z2, Aˆ Tˆk/N Aˆ−1 = TˆAk/N ⇐⇒ PˆAOpN(ρk) = OpN(PAρk) = OpN(ρAk).
The quantum propagator therefore ats as a permutation on the quantum translations, like
the lassial propagator on plane waves (f. Eq. (8)). In a rst step, we treat any linear
map, regardless of the nature of its dynamis.
The main dierene between the quantum and lassial frameworks omes from the fat
that Weyl quantization OpN is not one-to-one: OpN(ρk+Nk′) ∝ OpN(ρk) for any k′ ∈ Z2.
As a result, eah orbit O(k) = {Atk, t ∈ Z} has to be taken modulo Z2N in the quantum
ase, yielding a quantum orbit ON(k) whih is neessarily nite. Through a resaling of
1
N
, ON (k) is identied with a periodi orbit of the map A on the torus, situated on the
quantum lattie ( 1
N
Z)2. The period TN,k of this orbit is the smallest t > 0 suh that
Atk ≡ k mod Z2N . To ompute the spetrum of PA and Pǫ,A we need to analyze these
quantum orbits.
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Figure 1: Spetrum of the quantum oarse-graining operator Dˆǫ for the Gaussian noise (left);
Spetrum of the oarse-grained π/2-rotation Pˆǫ,J (right). Parameters are N = 40, ǫ = N−1/2
(small irles). The large onentri irles are only shown for larity.
The quantum orbits form a partition of Z2N , therefore a partition of the basis {Tˆk/N , k ∈
Z2N} of L2N . To eah ON (k) orresponds the TN,k-dimensional subspae SpanON (k), in-
variant through both PˆA and Dˆǫ. The quantum propagator PˆA satises (we abbreviate
TN,k with T )
PˆTAOpN(ρk) = OpN(ρAT k) = OpN(ρk+NV ) = (−1)γ OpN(ρk) (24)
for some V ∈ Z2, and γ = k ∧ V + NV1V2. This implies that the eigenvalues of PˆA on
SpanON (k) are the phases {exp
(
2iπ
T
(r + γ/2)
)
, r = 0, . . . , T − 1}. By swithing on the
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noise, the equation (24) is modied by inserting the ation of Dˆǫ on the suessive modes
TˆAtk/N . As a result,
PˆTǫ,A Tˆk/N = (−1)γ d(N)ǫ,O(k) Tˆk/N ,
with
d
(N)
ǫ,O(k)
def
=
T−1∏
t=0
d
(N)
ǫ,Atk.
The spetrum of Pˆǫ on SpanON (k) thus onsists in T regularly spaed points on the irle
of radius |d(N)ǫ,O(k)|1/T . To estimate this radius, we take its logarithm
1
T
log |d(N)ǫ,O(k)| =
1
T
∑
k′∈ON (k)
log |d(N)ǫ,k′ |. (25)
Aording to Eq. (19), this quantity is the average over the periodi orbit
1
N
ON (k) of
the funtion fK(ǫN, ζ)
def
= log
∣∣∣θK(ǫN,ζ)θK(ǫN,0)
∣∣∣. This funtion is smooth in ζ exept at possible
logarithmi singularities if θK vanishes. In the Gaussian ase G(x) = e
−π|x|2
, fG has no
singularities and admits for ǫN >> 1 the asymptoti behaviour fG(ǫN, ζ) ∼ −π(ǫNζ)2 in
the square {|ζ1| ≤ 12 , |ζ2| ≤ 12}.
We have obtained an expliit relationship between the spetrum of Pˆǫ,A and the stru-
ture of periodi orbits of A on the quantum lattie. The latter drastially diers between
haoti and integrable automorphisms, whih leads to qualitatively dierent quantum spe-
tra. Below, we sketh the desription of these quantum orbits, respetively for the ellipti,
paraboli and hyperboli maps. We use the notations and results of Setions 2.1.1, 2.2.2.
4.1.1 Ellipti transformation J
The quantization of the π/2-rotation J yields the nite Fourier transform Jˆ . The lassial
orbits O(k) are of period 4. In general, the suessive J jk are not ongruent modN , so
that the quantum orbit ON(k) also has period 4. The only exeption ours for N even,
k = (N
2
, N
2
) (period 1) or k = (0, N
2
) (period 2). Assuming that the oarse-graining kernel
has the symmetry K˜(ξ) = K˜(Jξ), the eigenvalues of Pˆǫ,J on a 4-dimensional SpanON (k)
are {ild(N)ǫ,k , l = 0, . . . , 3}. Taking all quantum orbits into aount, the spetrum forms 4
strings as in the lassial ase (see Fig. 1, right). For a Gaussian noise, Eq. (20) shows that
these eigenvalues are exponentially lose to the orresponding lassial eigenvalues.
4.1.2 Paraboli linear shear S
We an quantize on HN the paraboli shear S desribed in Setion 2.2.2 if the integer s
is even. Quantizing the spae of PS-invariants Vinv = Span{ρ(l,0), l ∈ Z} leads to the PˆS-
invariants Vinv,N = Span{Tˆ( l
N
,0), l ∈ ZN}. Eah Tˆ( l
N
,0) is eigenstate of Pˆǫ with eigenvalue
d
(N)
ǫ,(0,l), whih is lose to the lassial eigenvalue K˜(ǫ(0, l)) for ǫN >> 1; these eigenvalues
then form a string onneting unity to the origin.
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Figure 2: Spetrum of Pˆǫ,S2 for the linear shear S2 (irles) and values {d(N)ǫ,(j,0)}Nj=0 (triangles).
Parameters are N = 20 (left), N = 40 (right) and in both ases ǫ = log(N)/N .
Now we study the spetrum of Pˆǫ on the orthogonal of the invariant spae, V ⊥inv,N .
For k = (k1, k2) with k2 6≡ 0 mod N , the innite orbit O(k) = {k + (jsk2, 0), j ∈ Z}
projets modulo N onto a nite orbit ON (k) whose period depends on the step g def=
gcd(N, sk2): ON (k) = {(k1 + jg mod N, k2) |j = 0, . . . , Ng − 1}. For a xed k2 ∈ Z∗, the
step g stays bounded in the limit of large N , so that the sum (25) behaves as the integral∫ 1
0
dt fK
(
ǫN, (t, k2
N
)
)
; for the Gaussian noise, the latter yields −πǫ2(N2
12
+ k22) + o(1). For a
general value of k2 ∈ ZN \ 0, the step g may be of order N , in whih ase the sum (25) is
not well-approximated by an integral; still, one an (for Gaussian noise) prove the uniform
upper bound:
∀k ∈ Z2N \ 0,
1
TN,k
log |d(N)ǫ,O(k)| ≤ −C(ǫN)2
with C = πmin{1/s2, 1/16}. The eigenvalues of Pˆǫ on V ⊥inv,N are therefore situated on
irles of radii ≤ e−C(ǫN)2 , so they uniformly onverge to zero as ǫN →∞ (we remind that
the spetrum of Pǫ,S restrited to V ⊥inv redues to {0}).
In Fig 2 we show the spetra of Pˆǫ,S2 for the linear shear S2 =
(
1 2
0 1
)
and a fast
dereasing noise, together with the eigenvalues {d(N)ǫ,(j,0)}Nj=0. The `non-invariant spetrum'
onverges slowly to the origin, while the `invariant spetrum' beomes dense on the interval
[0, 1]. Had we hosen a larger noise width, the non-invariant spetrum would be ontained
in a smaller disk for the same values of N .
24
-1
-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
-1
-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
Figure 3: Spetrum of Pˆǫ,A0 for the at map A0. Parameters are N = 30 (left), N = 40 (right)
and in both ases ǫ = log(N)/N . N = 30 orresponds to a short quantum period T (30) = 6,
whih is learly visible on the shape of the spetrum.
4.1.3 Hyperboli transformations
The spae of invariant densities for a hyperboli automorphism A redues to Vinv = Cρ0.
Its orthogonal V ⊥inv = L
2
0 is quantized into the spae L
2
0,N of traeless densities. We remind
(f. Setion 2.1.1) that the spetrum of Pǫ,A on this subspae redues to the {0}, for any
ǫ > 0.
The periodi orbits of a hyperboli automorphism A were thoroughly studied in [37℄;
the authors lassied the orbits aording to the 1/N sublattie they belong to. Yet,
they gave no equidistribution estimate on long periodi orbits. Our aim is to estimate
the RHS of Eq. (25) for all quantum orbits, at least for large enough N (we will restrit
ourselves to the Gaussian oarse-graining). For any Anosov map, the long periodi orbits
equidistribute in the statistial sense (averaging over all orbits of a given period) in the
limit of long periods [36℄. For a ertain lass of hyperboli automorphisms, semilassial
equidistribution of all quantum orbits was obtained for an innite subsequene of values
of N [19℄. Equidistribution morally implies that the sum (25) behaves as the integral∫
T2
dx fG(ǫN, x) ≈ π(ǫN)
2
6
. One an indeed show that for N in this subsequene, any
eigenvalue λ of Pˆǫ,A on the subspae L20,N satises
|λ| ≤ exp
{
−π(ǫN)
2
6
+O(ǫ2N3/2)
}
.
There also exist arbitrary large values of N for whih the period T (N) of A modulo N
is as small as
2 logN
λ
+O(1), where λ > 0 is the Lyapounov exponent of A [37℄. All quantum
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orbits ON(k) have periods dividing T (N). Starting from k0 = (0, 1), the linear dynamis
shows that the point
Atk0
N
remains lose to the origin (that is, at a distane << 1) along
the unstable diretion until the time ≈ logN
λ
, when it reahes the boundary of the square
{|ζ1| ≤ 1/2, |ζ2| ≤ 1/2}; it is then straight away `aptured' by the stable manifold, whih
brings is bak to the origin during the remaining ≈ logN
λ
steps. This orbit thus ahieves
an optimally short homolini exursion from the unstable origin, and is far from being
equidistributed. The average of fG along this orbit is of order −C(ǫN)
2
logN
, so the eigenvalues
of Pˆǫ,A on SpanON (k0) have a radius ≈ exp
(−C(ǫN)2
logN
)
. These eigenvalues will therefore
semilassially onverge to zero under the ondition
ǫN√
logN
→∞. (26)
We believe that these partiular values of N represent the worst ase as far as equidis-
tribution of long orbits is onerned, and that ondition (26) sues for the spetra of
Pˆǫ,A|L20,N to semilassially onverge to zero for the full sequene N ∈ N. In Fig. 3 we show
the spetrum of Pˆǫ,A0 for the quantization of the at map A0 =
(
2 1
3 2
)
, with the fast
dereasing noise width.
Remark: For both the paraboli and the hyperboli automorphisms, the spetrum of Pˆǫ
on V ⊥inv,N redues to {0} if the oarse-graining onsists in a sharp trunation in Fourier
spae, and ǫ−1 grows as ǫ−1 ≈ cN with c a nite but small onstant (depending on the
lassial map). Any nontrivial quantum orbit ON (k0) then ontains an element k s.t.
|k| > ǫ−1, suh that the orresponding mode Tˆk/N is killed by Dˆǫ.
4.1.4 Quantum translations
As we mentioned in Setion 3.1.2, any lassial translation Tv with v ∈ T2 an be quantized
on HN by the quantum translation Tˆv(N) , where v(N) is the losest point to v on the
quantum lattie. This quantization was shown [32℄ to satisfy Egorov's property (14).
From Eq. (18), the quantum propagator Pˆv(N) = ad(Tˆv(N)) admits any quantum trans-
lation Tˆk/N = OpN(ρk) as an eigenstate, with eigenvalue e
−2iπv(N)∧k
. All eigenvalues are
N-th roots or unity, and are at least N-degenerate; in ase the lassial translation Tv is
ergodi, these degeneraies ontrast with the nondegenerate (but dense) spetrum of Pv.
On the opposite, for a rational translation (the lassial eigenvalues form a nite set), the
quantum eigenvalues may take values in all N-th roots of unity, in ase N and v(N) are
oprime. The spetra of Pv and Pˆv(N) may thus be qualitatively very dierent.
This dierene disappears when one swithes on the noise. Eah Tˆk/N is also an
eigenstate of the oarse-grained propagator Pˆǫ,v = DˆǫPˆv(N) , assoiated to the eigenvalue
e2iπk∧v
(N)
d
(N)
ǫ,k . In the semilassial limit, the deviation from the orresponding lassial
eigenvalue e2iπk∧vK˜(ǫk) (f. Setion 2.2.1) depends on both the wavevetor k and the
dierene v − v(N).
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Figure 4: Spetrum of Pˆǫ,v for the translations v = (0, 1/3) (left: N = 30, enter: N = 37) and
v = (1/
√
2, 1/
√
5) (right: N = 37). The noise strength is ǫ = N−1/2. For the rational translation,
the eigenvalues are either exatly on the lassial axes (for N multiple of 3), or semilassially
onverge to it. For the irrational one, the eigenvalues beome dense in the full disk.
To give an example, the rational translation vetor v = (0, 1
3
) leads to 3 eigenvalues
e2iπl/3 for the lassial propagator Pv, and 3 (innite) strings for the spetrum of Pv,ǫ.
Quantum-mehanially, if N is a multiple of 3 one takes v(N) = v, and the eigenvalues of
Pˆv,ǫ are exponentially lose to the lassial ones (Fig. 4, left). In the ase N = 3n + 1,
the quantum translation vetor will be v(N) = (0, n
3n+1
), so that the lassial and quantum
noiseless eigenvalues for the mode ρk deviate of an angle 2πk ∧ (v − v(N)) = 2πk13N : this
deviation an be as large as π/3 for wavevetors |k1| ≈ N/2. After swithing on the noise,
the lassial and quantum eigenvalues for k ∈ Z2N an deviate by at most O( 1ǫN ), the
maximal deviations ourring for wavevetors |k1| ≃ ǫ−1, k2 = O(1) (Fig. 4, enter).
4.2 Examples of quantized nonlinear maps
In this setion we shortly review the spetrum of quantized oarse-grained propagators
for three nonlinear maps: we rst treat the nonlinear paraboli shear of setion 2.2.3 and
the strobosopi map of the Harper Hamiltonian (Setion 2.2.4), for whih we have some
analyti handle. We then onsider a perturbation of the at map A0 and ompare the
numerially omputed eigenvalues of Pˆǫ to the spetrum of Pǫ obtained in [1℄.
• the nonlinear shear desribed in Setion 2.2.3 is quantized by taking the produt of
the quantum linear shear Sˆ (see Setion 4.1.2) with the matrix e−iFˆ/~. Sine F (p)
is a funtion of the impulsion only, its Weyl quantization Fˆ ats diagonally on the
impulsion basis {|pj〉}. As a result, the perturbation ad(e−iFˆ/~) ats trivially on any
projetor |pj〉〈pj|, and therefore on any translation Tˆ(0,m)/N . As a result, the spetrum
of the noisy nonlinear propagator on Vinv,N forms the same string as for the linear
shear.
The ation of Pˆ on V ⊥inv,N an be studied as in the lassial ase: the propagator
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ats inside eah subspae Vn,N = Span{Tˆ(n,m)/N , m ∈ ZN}, as a unitary N × N
Toeplitz matrix Pˆ(n) (instead of a simple permutation). In Appendix A.2 we study
the non-unitary spetrum of Pˆ(n)ǫ when taking for K˜(ξ) a sharp uto: Pˆ(n)ǫ is then
the trunation of Pˆ(n) to the subspae {|m| ≤ ǫ−1}. We ompare this trunated prop-
agator with the orresponding lassial one, and show that if ǫN >> 1, both spetra
belong to the same union of 1-dimensional strings ontained in a xed `small' disk
around the origin, the size of whih depends on the strength of the perturbation F ′.
The spetrum of Pˆ for the quantized nonlinear shear e−iFˆ/~Sˆ2 with Fˆ = 0.252π cos(2πpˆ)
is shown in Fig. 5 (left) for N = 40 and ǫ = log(N)/N , together with the values
{d(N)ǫ,(j,0)}Nj=0.
• The quantization of the strobosopi map ϕ1H for the Harper ow, i.e. the unitary
matrix e−iHˆ/~, leads to the propagator PˆH leaving invariant any density of the type
Hˆn. Under the same onditions for the oarse-graining kernel K˜(ξ) as in the lassial
ase (see Setion 2.2.4), PˆH,ǫ may admit for eigenstates Hˆ, (Hˆ2 − Id) and
(
Hˆ3 −
7+2 cos(2π/N)
4
Hˆ
)
, and the assoiated eigenvalues {d(N)ǫ,(j,0)}3j=1 onverge to the lassial
eigenvalues {k˜(jǫ)}3j=1 if ǫN →∞. The spetrum of PˆH,ǫ for N = 40 and ǫ = N−1/2
is shown in Fig. 5 (right), together with the values {d(N)ǫ,(j,0)}4j=0. For the Gaussian
kernel used there, only Hˆ is an eigenstate of Dˆǫ, so the subsequent eigenvalues are
hybridized by the oarse-graining. A string of eigenvalues along the positive real
axis is learly visible on the plot.
• We onsider the quantization of the perturbed at map studied in [1℄, that is the
map Anl :
(
q
p
) 7→ ( 2q+p
3q+2p+κ(cos(2πq)−cos(4πq))
)
. We seleted the perturbation κ = 0.5/2π
in order to ompare the quantum spetrum with the lassial resonane spetrum
desribed in [1, Fig. 2℄. In Figure 6 we plot the spetrum of Pˆǫ for N = 40 together
with the 7 `outer' resonanes whose values are given in [1, Table I℄. In the `large noise'
regime (left), the largest quantum eigenvalues are indeed lose to these resonanes,
and the rest of the spetrum inside a smaller disk. The small-noise regime (right) does
not unover the lassial resonanes, however the non-invariant spetrum is already
ontained in a relatively small disk around the origin, of radius omparable with the
largest resonane.
Conluding remarks
In spite of the relatively low values of N used in the numerial plots, one an already
learly distinguish two dierent behaviours of the quantum spetra, depending on the
lassial motion, espeially for the slow noise derease ǫ = N−1/2. For the integrable maps,
the largest nontrivial eigenvalue of the noisy quantum propagator Pˆǫ is at a distane ǫ2 from
unity, and this eigenvalue is the rst one of a string of eigenvalues onneting unity with a
neighbourhood of zero. On the opposite, for the two haoti maps we studied (linear and
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Figure 5: Spetrum of Pˆǫ for the nonlinear shear e−iFˆ/~Sˆ2 (left, N = 40, ǫ = log(N)/N) and the
Harper map e−iHˆ/~ (right, N = 40, ǫ = N−1/2). In both ases we also plotted some values d
(N)
ǫ,(j,0)
(blak triangles).
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Figure 6: Spetrum of Pˆǫ for the quantum perturbed at map Aˆnl (empty irles) together with
the largest 7 lassial resonanes (blak diamonds). Left: N = 40, ǫ = N−1/2. Right: N = 40,
ǫ = log(N)/N .
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perturbed at maps), the spetrum already shows a nite gap for these values of N , even
in the fast-dereasing noise regime ǫ = log(N)/N ; however, for the relatively low values of
N shown in the plots, the gap is governed by the lassial resonanes only in the regime
of larger noise ǫ = N−1/2. I onjeture that the quantum spetrum also onverges to the
lassial spetrum (in any annulus Rr) in the regime ǫ = log(N)/N , this being visible only
for muh higher values of N .
General onlusion
In this paper we have shown the onnetion between the spetra of oarse-grained quantum
and lassial propagators for maps on the 2-dimensional torus. I laim that Theorem 1
an be straightforwardly extended to maps on any ompat phase spae, like the 2-sphere
S2 used in [31, 26℄. Using our knowledge of the spetrum of the lassial noisy map, one
infers the presene or the absene of a nite gap between the (trivial) eigenvalue unity on
the one hand, the rest of the spetrum on the other hand, taking both the semilassial
(~ → 0) and small noise (ǫ → 0) limits in a well-dened way. The presene of this gap in
the lassial noisy propagator is related with the ergodi properties of the map. On one
extreme, orresponding to integrable maps with innitely many invariant densities, there
is no gap in the small-noise limit, and the spetrum ontains a dense `string' of eigenvalues
onneting unity with the interior of the disk: the long-time evolution is therefore governed
by the eigenmodes assoiated with these large eigenvalues, and is typially of diusive type.
On the opposite extreme, for an Anosov map (strongly haoti), the spetrum exhibits
a nite gap, responsible for the (lassial) exponential mixing. The ase of maps with less
haoti behaviour is far from being settled. The example of irrational translations shows
that ergodiity does not imply the presene of a gap. Exponential mixing was reently
proven for some non-uniformly or partially hyperboli maps (see [4℄ for a review of reent
results), whih should (?) imply a gap in the spetrum of Pǫ. Maps with subexponential
mixing would also deserve to be studied from this point of view. The more general ase
of maps with mixed dynamis (where the phase spae an be divided between regular
islands and a haoti sea) was mostly investigated numerially [26, 31℄; one found the
presene of both dense strings of eigenvalues and isolated resonanes in the spetrum of
Pǫ. This (physially relevant) type of dynamis ertainly deserves further study.
Like in the lassial framework, the presene of a gap in the spetrum of the quan-
tum noisy propagator allows to desribe the long-time dynamis of densities indued by
this propagator: ρˆ(t) = (Pˆǫ)tρˆ(0). This dynamis is a possible model for a dissipative
perturbation of the unitary evolution ρ 7→ Mˆ tρMˆ−t, the dissipation being indued by the
interation with the environment [7℄. One measure of the deoherene ourring through
this evolution is the purity tr(ρˆ(t))2. For an Anosov map M , the long-time evolution
of this quantity will be governed by the largest nontrivial eigenvalues of Pˆǫ, whih are
semilassially lose to the lassial resonanes. This very evolution was reently studied
for perturbed quantum at maps, providing an estimate of the largest eigenvalues of Pˆǫ for
large values of N [21℄. Another way to haraterize the time evolution of Pǫ is through the
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dissipation time tdiss = inf{t ∈ N/‖P tǫ‖B(L20) < e−1}. In the ase of linear automorphisms
on the d-dimensional torus, the small-noise behaviour of tdiss has been shown to qualita-
tively depend on the dynamis [20℄. The same onlusion should apply to non-linear maps
as well.
Our noise operator onsists in an average over random translations in phase spae.
To diagonalize this operator, we have used the fat that the lassial (resp. quantum)
propagators for translations Pv (resp. Pˆv) form a ommutative algebra, and admit as
eigenfuntions the Fourier modes. We obtained expliit expressions for the spetrum of
Pǫ,M for the lass of linear maps M , beause these maps ated simply on these Fourier
modes. However, as notied in Setion 3.2.3, one may be interested in a more general
type of diusion operator, like the one dened in Eq. (21). The spetrum of D
{Hj}
ǫ ◦ PM
for a given map M should be qualitatively independent on the family of Hamiltonians
{Hj}, as long as the operator D{Hj}ǫ has the same harateristis as the oarse-graining Dǫ,
namely it leaves almost invariant some soft modes, while killing fast-osillating modes.
In partiular, for M an Anosov map, the outer spetrum of D
{Hj}
ǫ ◦PM should onverge to
the set of resonanes {λi}, and the rest be ontained in a smaller disk, in the limit ǫ→ 0.
For an integrable map, the eigenvalues will not pointwise onverge to the ones of DˆǫPˆM ,
but they should also aumulate along a `string' touhing unity.
Our hoie for the superoperator Dˆǫ was inspired by its lassial analogue, as well
as its relevane to modelize the quantum noise. However, in some quantum systems
experiening (weak) interation with the environment, the eetive noise or deoherene
superoperator may have no obvious lassial analogue; this seems to be the ase for instane
in Nulear Magneti Resonane experiments aiming at realizing a quantum omputer
[15℄. The quantum Hilbert spae is omposed of a sequene of n spins, so it is isomorphi
with the torus Hilbert spae HN for N = 2n (eah spin orresponds to a binary digit of
the position qj). The deoherene operator ating on suh a system (for a small number
of spins) has been experimentally measured, it resembles the produt of operators ating
independently on the individual spins, and therefore does not enter in the family of diusion
operators desribed in the present artile; in partiular, suh a deoherene operator seems
to have no obvious lassial ounterpart. Conjugating this type of deoherene operator
with a unitary evolution (typially, the nite Fourier transform Jˆ) may lead to a drastially
dierent spetrum from the one shown in Fig. 1 (right), not exluding the presene of a
gap.
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A Appendix
A.1 Classial nonlinear shear: spetrum of trunated Toeplitz ma-
tries
This appendix desribes the spetrum of the noisy lassial propagator for a nonlinear
shear (Setion 2.2.3). In eah invariant subspae Vn = {e2iπnq ρ(p)} (n ∈ Z∗), the Perron-
Frobenius operator P ats as a multipliation of the funtion ρ(p) on the irle T1 ∋ t =
e2iπp by:
an(e
2iπp)
def
= e−2iπn(sp+F
′(p)) =
∑
m∈Z
a˜n(m)e
2iπmp. (27)
Notie that an(t) = (a1(t))
n
. In the Fourier basis, this multipliation has the form of an
innite Laurent matrix L(an), with entries L(an)ij = a˜n(i − j). From standard results,
the spetrum of P|Vn is absolutely ontinuous, with support the range of the funtion an(t)
(here, the unit irle).
We onsider the oarse-graining onsisting in a sharp trunation in Fourier spae:
K˜(ξ) = Θ(ξ1)Θ(ξ2). The noisy propagator Pǫ then ats on Vn as the matrix L(an) trun-
ated to the blok {|m|, |m′| ≤ ǫ−1}, or equivalently as {1 ≤ m,m′ ≤ 2ǫ−1+1}. We assume
that the smooth funtion an(t) on T
1
an be ontinued to an analyti (or meromorphi)
funtion on C∗ (for the linear shear, one has an(z) = z
−sn
). Then, for any r > 0 and any
ǫ > 0, the spetrum of this trunated matrix is ontained in the onvex hull of the urve
an(rT
1) [11, Prop. 2.17 and Setion 5.8℄. For the linear shear, these urves are the irles
entered at the origin, so the spetrum redues to {0}, as expeted. If the perturbation F ′
is small, these urves are deformations of irles, some of whih remain in a small neigh-
bourhood of the origin. As a onrete example, the perturbation F (p) = α
2π
cos(2πp) leads
to the funtion a−1(z) = z
s exp {πα(1/z − z)}. The urves a−1(rT1) satisfy
∀r > 0, |z| = r =⇒ |a−1(z)| ≤ rs exp(πα|1/r − r|).
We assume that s > 0. For a small perturbation (α << 1), the funtion on the RHS has
a minimum of value amin(α) .
(
παe
s
)s
. This implies that for any n, the spetrum of Pǫ|Vn
is ontained in the disk of radius
(
amin(α)
)|n|
for any ǫ > 0 (we have used the symmetry
a−n = an).
For a more general perturbation 2πF ′(t) =
∑
m≥1 fmt
m + c.c. one an use the bound
2π|ℑF ′(rt)| ≤ sup (g(r), g(1/r)) with g(r) def= ∑m≥1 |fm|rm. If g(r) is small, then the
funtion rs exp(g(1/r)) has a minimum amin << 1 on R
∗
+. This implies that the spetrum
of Pǫ|Vn is ontained, for any ǫ, in the disk around the origin of radius a|n|min.
A.2 Quantum nonlinear shear
The results of the previous appendix an be easily adapted to the quantized nonlinear
shear. The latter is dened as the omposition of the quantum linear shear Sˆ with the
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Floquet operator orresponding to the Hamiltonian Fˆ (see Setion 2.2.3): the quantum
map reads Sˆe−2iπNFˆ. Its ation is diagonal in the impulsion basis {|pj〉N} of HN (pj = jN ,
with j ∈ ZN ):
Sˆe−iFˆ/~ |pj〉N = e−2iπN(
s
2
p2j +F(pj)) |pj〉N.
Sine s is even, this expression is well-dened for any j ∈ ZN . As we now show, it allows
to express the ation of the propagator Pˆ on the quantum translations Tˆk/N . Taking
k = (m,n) ∈ Z2N , this translation an be deomposed as
Tˆk/N =
∑
j∈ZN
|pj+n〉〈pj| e−2iπm(pj+ n2N ).
Pˆ ats inside eah subspae Vn,N = Span{Tˆ(m,n)/N , m ∈ ZN} = Span{|pj+n〉〈pj|, j ∈ ZN}.
The propagator Pˆ indeed multiplies eah |pj+n〉〈pj| by the phase An,N
(
e2iπ(pj+
n
2N
)
)
, with
the funtion An,N on T
1
dened as:
An,N(e
2iπp)
def
= e−2iπsnpe−2iπN[F(p+
n
2N
)−F(p− n
2N
)] =
∑
m∈Z
A˜n,N(m)e
2iπmp.
An,N(t) uniformly onverges to the funtion an(t) of Eq. (27) in the limit N →∞. For our
example F (p) = α
2π
cos(2πp), it takes the onise form An,N(e
2iπp) = e−2iπn(sp−αn,N sin(2πp))
with αn,N = α
N
πn
sin(πn/N) = α(1 +O((n/N)2)).
From there, we an express the ation of Pˆ on the quantum translations:
Pˆ Tˆ (m,n)
N
=
∑
l∈Z
Tˆ (m−l,n)
N
A˜n,N(l) =
∑
l∈ZN
Tˆ (l,n)
N
A˜′n,N(m− l),
where A˜′n,N(m) =
∑
ν∈Z(−1)nνA˜n,N(m + νN). Therefore, Pˆ ats on Vn,N through the
N × N Toeplitz matrix with oeients A˜′n,N(m). If we trunate this matrix to the size
{|l|, |l′| ≤ ǫ−1} with ǫ−1 << N , we only take into aount the oeients with |m| ≤ 2ǫ−1.
Sine An,N is a smooth funtion, eah of these oeients is the sum of a dominant term
A˜n,N(m) and a remainder. For our example, the lassial oeients are given by Bessel
funtions: a˜n(m) = Jm+sn(2πnα), and the same for A˜n,N(m), replaing α by αn,N . These
oeients therefore satisfy |A˜n,N(m)| ≤ C (nα)
|m+ns|
|m+ns|!
, so that the remainder is uniformly
bounded above by
(
C′α
ǫN
)N/2
for large N . If we all Pˆ♯ǫ|Vn,N the trunated Toeplitz matrix
with oeients A˜n,N(m), we get the estimate:
‖Pˆǫ|Vn,N − Pˆ♯ǫ|Vn,N‖ ≤ (2ǫ−1 + 1)
(
C ′α
ǫN
)N/2
.
This estimate implies that the spetra of both matries annot be at a distane larger than
O((ǫN)−ǫN/4). The matrix Pˆ♯ǫ|Vn,N may be analyzed along the same lines as Pǫ|Vn in the
previous Appendix. Its spetrum is ontained for any ǫ > 0 and any r > 0 in the onvex
hull of An,N(rT
1), whih onverges to the onvex hull of an(rT
1) when N →∞.
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